We develop a general setting for N = 2 rigid supersymmetric field theories with gauged central charge in harmonic superspace. We consider those N = 2 multiplets which have a finite number of off-shell components and exist off shell owing to a non-trivial central charge. This class includes, in particular, the hypermultiplet with central charge and various versions of the vector-tensor multiplet. For such theories we present a manifestly supersymmetric universal action. Chern-Simons couplings to an external N = 2 super Yang-Mills multiplet are given, in harmonic superspace, for both the linear and nonlinear vector-tensor multiplets with gauged central charge. We show how to deduce the linear version of the vector-tensor multiplet from six dimensions.
Introduction
Supersymmetric theories with gauged central charge were introduced for the first time in the context of N = 2 supergravity [1, 2] . Recently, there was a revival of interest in such theories, mainly because of the conjecture [3] that one of the important N = 2 multiplets with a non-trivial central charge, the vector-tensor (VT) multiplet [4] , describes the dilaton-axion complex in heterotic N = 2 four-dimensional supersymmetric string vacua. In particular, it was found that, besides the original 'linear' version of this multiplet, there exists its new 'nonlinear' version [5] . Chern-Simons couplings of both versions to external N = 2 vector multiplets [6] and N = 2 supergravity [7] were constructed. One of the important observations made in [6] is that in the case of the linear VT multiplet with gauged central charge for ensuring the rigid scale and chiral invariances of the action one needs at least one extra background abelian vector multiplet in addition to that associated with the central charge. No such extension is required in the case of the non-linear VT multiplet. The scale and chiral invariances are of crucial importance for a self-consistent coupling of the VT multiplet to conformal N = 2 supergravity.
All these studies were carried out in the component field approach making use of the superconformal multiplet calculus. The supersymmetry transformation laws and the invariant actions look rather complicated in such an approach. In this connection, the authors of [7] noticed: "...the complexity of our results clearly demonstrates the need for a suitable superspace formulation."
Superspace formulations for the linear version of the VT multiplet with rigid central charge were constructed in N = 2 global central charge superspace [8, 9, 10] and in N = 2 harmonic superspace [11] . The latter approach seems to be most advantageous, since the N = 2 harmonic superspace [12] provides a universal framework for general N = 2 matter and super Yang-Mills theories, as well as N = 2 supergravity. The nonlinear VT multiplet with rigid central charge was formulated in harmonic superspace in [13, 14] . In [14] a new version of the nonlinear VT multiplet was proposed in which the component vector field (the field strength of an antisymmetric tensor field in the old version) cannot be expressed in terms of a potential.
First steps toward superspace formulations of globally N = 2 supersymmetric theories with gauged central charge have been undertaken in [15] . In particular, the N = 2 superspace description of the linear VT multiplet with gauged central charge was given for the first time.
ric theories with gauged central charge in the framework of harmonic superspace. Our study should be considered as a preparatory step on the way to the full local case with couplings to N = 2 supergravity. We propose a supersymmetric action which reproduces the component action given in [2] . We describe the superfield formulations of the linear and the 'old' nonlinear VT multiplet with gauged central charge. We present the harmonic superspace form of the Chern-Simons couplings to an external N = 2 super Yang-Mills multiplet for both the linear and nonlinear VT multiplets with gauged central charge. Finally, we show how all the results concerning the linear VT multiplet can be obtained by dimensional reduction from six dimensions.
We would like to point out that one should distinguish two classes of N = 2 multiplets with central charge. One of them is described by constrained superfields with a finite number of off-shell components. The constraints do not put the superfields on shell only owing to the presence of a non-trivial central charge. This class includes the FayetSohnius hypermultiplet [16, 17] in the off-shell version of ref. [17] and all versions of the VT multiplet. Our consideration here is limited just to this class. Another type of N = 2 multiplets is represented by unconstrained analytic harmonic superfields with infinitely many auxiliary components like the universal q + hypermultiplet [12] . One can introduce and gauge the central charge for such superfields too, but its presence or absence has no impact on the relevant off-shell content.
The paper is organized as follows. In Section 2 we give a general discussion of N = 2 supersymmetric theories with gauged central charge and review the harmonic superspace technique [12] in the form adapted to our study. We derive the manifestly supersymmetric action underlying the dynamics of N = 2 theories with gauged central charge. We also discuss the supersymmetry transformations of the component fields and the limit of rigid central charge. In Section 3 we start by reviewing the Fayet-Sohnius hypermultiplet and the linear VT multiplet with gauged central charge. Further, the superfield consistency conditions are derived which must be fulfilled for any consistent VT multiplet superfield formulation. We then construct the Chern-Simons coupling to an external N = 2 vector multiplet for the linear VT multiplet with gauged central charge. The model of linear VT multiplet with scale and chiral invariance is considered in detail. In Section 4 the nonlinear VT multiplet (its 'old' version) with gauged central charge is described in harmonic superspace. We also present its Chern-Simons coupling to an external N = 2 vector multiplet. In Section 5 we demonstrate that the linear VT multiplet constraints described in the preceding sections have a natural origin in six dimensions.
Fundamentals 2.1 Preliminaries
The theories exhibiting invariance under rigid N = 2 supersymmetry and local central charge transformations can be formulated in N = 2 superspace R 4|8 with coordinates
The basic objects of these formulations are gauge covariant derivatives The covariant derivatives are required to satisfy the constraints
which mean that A M describe an abelian vector multiplet [18] . The superfield strengths Z,Z obey the Bianchi identities
Local central charge transformations are realized on D M and matter superfields U as
with τ = τ (z) being an unconstrained real gauge parameter. , and so on and so forth. Generally, in a supersymmetric theory we have some set of basic ('primary') superfields U and an infinite tower of descendants {U (∆) , U (∆∆) , · · ·}. If we wish to have an off-shell multiplet with a finite number of component fields, the superfields should be subject to some gauge-covariant constraints. The rôle of such constraints is not only to express the descendants in terms of a few basic superfields, but also to completely specify the central charge transformations. We will consider the case of a single central charge, though N = 2 supersymmetry in general admits two such charges (that would amount to a complex ∆). The main motivation for this restriction is just the desire to have a finite multiplet; in the presence of two central charges the sequence {U, U (∆) , U (∆∆) , · · ·} in many cases does not terminate at any finite step (for an alternative explanation see Section 5, where the two central charges are interpreted as two extra coordinates x 5,6 ).
It is worth saying that the superalgebra (2.5), as it stands, looks like the algebra of covariant derivatives of some abelian N = 2 gauge theory with an unspecified gauge generator ∆. The interpretation of the latter as a central charge generator necessarily requires non-zero background values of the gauge connections corresponding to Z = const = 0. Just with this choice of the flat limit the algebra (2.5) goes into that of the covariant spinor derivatives corresponding to N = 2 supersymmetry with ∆ as the rigid central charge. This issue will be discussed in more detail in subsection 2.3.
Harmonic superspace formulation
The main virtue of the harmonic superspace method [12] consists in providing the unique possibility to describe the off-shell N = 2 hypermultiplets in terms of unconstrained superfields. Also, it results in off-shell formulations of N = 2 gauge theories and supergravity in terms of the connections and vielbeins covariantizing the derivatives with respect to harmonic variables. The formulation of the vector gauge multiplet in the standard N = 2 superspace R 4|8 turns out to be a gauge-fixed version of that in N = 2 harmonic superspace [12] .
The harmonic superspace is also indispensable for formulating N = 2 theories with gauged central charge in a manifestly supersymmetric way. Since our consideration will be essentially based upon the harmonic superspace techniques, we start by recalling some salient features of this method.
The N = 2 harmonic superspace is an extension of ordinary N = 2 superspace R 4|8 by the harmonic variables u i − , u i + which parametrize the two-sphere S 2 = SU(2)/U(1), SU(2) being the automorphism group of N = 2 supersymmetry,
Tensor fields over S 2 are in a one-to-one correspondence with functions on SU(2) possessing
Such functions extended to the whole harmonic superspace
are called harmonic N = 2 superfields.
The operators
are left-invariant vector fields on SU (2) . D ±± are two independent harmonic covariant derivatives on S 2 , while D 0 is the U(1) charge operator,
Using the harmonics, one can convert the spinor covariant derivatives into SU(2)-invariant operators on
Then the superalgebra (2.5) implies the existence of the anticommuting subset
Eq. (2.12) solves the constraints (2.5) under some additional restriction on G(z, u) (see below). An obvious immediate consequence of the relations (2.11) and (2.12) is the existence of an important subclass of harmonic superfields, the covariantly analytic ones. They are defined by the constraints
14)
The superfieldsΦ (p) are functions over the so-called analytic subspace of the harmonic superspace parameterized by 15) where [12] x
That is why such superfields are called analytic. Note that the analytic subspace (2.15) is closed under N = 2 supersymmetry transformations and the generalized conjugation "˘", i.e. it is real with respect to this conjugation. The analytic superfields with even U(1) charge can so be chosen real.
In accordance with eq. (2.12), the bridge possesses a more general gauge freedom than the original harmonic-independent τ -group (2.7):
Here the unconstrained analytic gauge parameter λ has vanishing U(1)-charge and is real,λ = λ, with respect to the analyticity preserving conjugation. The set of all λ-transformations is called the λ-group. The τ -group acts on Φ (p) and leavesΦ (p) unchanged; the λ-group acts onΦ (p) as
and leaves Φ (p) unchanged. Thus one can equivalently formulate the theory in the two frames related by the similarity operator e −G∆ : in the τ -frame where the τ -group is manifest and in the λ-frame with the λ-group manifest.
As we observe from the relation (2.14), the N = 2 harmonic analyticity is covariant in the τ -frame, but it becomes manifest in the λ-frame. This can also be seen by comparing the covariant derivatives in both frames.
In the τ -frame, the complete set of gauge-covariant derivatives reads
and their transformation law is the same as that of D M given by (2.7). The transformation law of matter superfields U is also given by (2.7).
In the λ-frame, the covariant derivativeŝ 2.20) and the matter superfieldsÛ = e G∆ U (2.21)
transform by the rule
In this frame we haveD
We observe that the u + -projections of the spinor covariant derivatives contain no central charge gauge connections in the λ-frame, so the conditions (2.13) imply exact harmonic analyticity (after passing to the analytic basis in R 4|8 × S 2 according to eq. (2.16), these projections become partial derivatives in θ − α ,θ − α , and conditions (2.13) simply mean independence of these coordinates).
The algebra of covariant derivatives, with all the isospinor indices converted into U(1) ones, clearly does not depend on the choice of the frame and/or the basis in
All other (anti-)commutators vanish except those involving the vector covariant derivatives. The latter can be readily derived from the relations given above.
Consideration in the λ-frame allows one to reveal the basic unconstrained object of the theory. This is the connection V ++ covariantizing the harmonic derivative D ++ with respect to the λ-group.
with the transformation law
No other constraints on V ++ emerge.
To demonstrate that all other central-charge connections are expressed through the single object V ++ , one should firstly solve for V −− the zero-curvature condition 
The Bianchi identities (2.6) can be shown to be identically satisfied. Note that the second identity can be written as
Thus, V ++ is indeed the fundamental unconstrained analytic prepotential of the theory.
Note that the defining relation V ++ = −D ++ G should be treated as a constraint on the bridge G serving to express G through V ++ .
To be convinced that V ++ accommodates the standard component fields content of the N = 2 abelian vector multiplet, one should make use of the gauge freedom (2.25) and pass to the Wess-Zumino (WZ) gauge
Here, A m is a real vector field, and Ψ i α and Y (ij) satisfy the reality conditions
The residual gauge freedom is given by λ = ξ(x A ) describing the ordinary central charge transformations, with A m being the corresponding gauge field. In the WZ gauge,
where the dots mean the terms involving derivatives of the fields. It is worth keeping in mind that in the analytic basis (2.16)
Using the above relations, one easily computes the components of the superfield strength Z given by eqs. (2.27)
Here U| denotes the θ-independent component of a superfield U.
Note that the formulation described so far actually coincides with the standard harmonic superspace formulation of abelian N = 2 gauge theory [12] . As was already mentioned in the previous subsection, the crucial assumption allowing to interpret the theory as that of gauged central charge amounts to specifying the appropriate flat limit characterized by a non-zero background value of Z and, hence, of V ++ . We discuss this point in the next subsection.
Supersymmetry transformations
Let us turn to a more detailed study of the supersymmetry transformations.
In setting up the invariant supersymmetric actions we will deal with the set of the matter basic superfieldsÛ , their covariant derivatives (∆ is to be included into the set of covariant derivatives) and the harmonic gauge connection V ++ . The construction presented in the previous subsection is covariant under the local gauge transformations generated by ∆ and given by eqs. (2.22) . Obviously, it is also covariant under the standard rigid N = 2 supersymmetry transformations
and similar ones for V ++ , where
The invariance under these two sets of transformations (local central charge and rigid N = 2 supersymmetry) will be the basic requirement to be fulfilled by any off-shell superfield action we will deal with.
It is important to realize that these two basic invariances already imply the invariance under another type of rigid N = 2 supersymmetry, that with the operator ∆ as the central charge, provided one chooses an appropriate 'flat' background value for V ++ .
The choice V
is clearly consistent with just the standard N = 2 supersymmetry
With this option, ∆ never appears in the algebra of N = 2 supersymmetry and should be treated as some extra U(1) gauge generator.
On the other hand, one can choose a more general background [20, 21, 22 
Obviously, it does not vanish under the action of the generators of the standard N = 2 supersymmetry. However, the result of this action can be cancelled by an appropriate compensating transformation from the λ group. Namely, (2.38) is stable,
In fact, the most general Ansatz consistent with the Poincaré and SU(2) A covariance reads (modulo against the following modified N = 2 supersymmetry transformations
It is easy to read off from (2.40) the expressions for the modified N = 2 supersymmetry generators in the realization onÛ
They form the N = 2 superalgebra with ∆ as the central charge. What concerns the realization of this modified N = 2 supersymmetry on V ++ , it can be reduced to the standard one (2.34) by shifting the harmonic connection
This is of course due to the fact that V ++ andV ++ possess zero central charge,
Eqs. (2.40) and (2.41) yield the off-shell realization of the central-charge extended rigid N = 2 supersymmetry in the general case of unfixed λ-group gauge freedom.
In practice, for the component considerations, it is convenient to know how rigid N = 2 supersymmetry is realized in the WZ gauge (2.29). Actually, it makes no difference from which rigid supersymmetry transformations one starts, (2.34), (2.35) or (2.40), (2.41), since they differ by a λ-gauge transformation. Let us choose, e.g., (2.34) and (2.35). Then, to preserve the WZ gauge, every supersymmetry transformation should be accompanied by a special ǫ-dependent gauge transformation with the parameter
This leads to the standard transformation law for the component fields of the vector multiplet as well as modifies eq. (2.34) by
where
To compute the supersymmetry transformations of the component fields, it is sufficient to note the identity
Along with the relationD As the last remark, we mention that with our choice of the flat background the reduction to the case of rigid central charge (which corresponds to a constant strength Z) goes by putting
or, in the WZ gauge,
all other components of the vector multiplet being equal to zero. This yields, in particular, the following rigid central charge form of the covariant derivatives
As follows from the above consideration, N = 2 supersymmetric theories with gauged central charge can be obtained from those with rigid central charge by covariantizing the constraints which define the multiplets in the rigid case. However, as a rule such a covariantization requires adding some non-minimal terms in order to give rise to consistent constraints (see Sect. 3).
Supersymmetric action
Now, we are prepared to present the main result of this Section -the action functional rule underlying the dynamics of N = 2 supersymmetric theories with gauged central charge. To avoid a possible confusion, let us point out that here and in the rest of the paper we limit our consideration to matter superfields U with a finite number of auxiliary components and non-trivial central charge. Such superfields are necessarily constrained, so are the relevant Lagrangian densities. Our consideration does not directly apply to the theories with unconstrained superfields like the q + hypermultiplet [12] having infinitely many auxiliary fields, though non-trivial rigid and gauged central charges can be introduced in this case too, e.g. via the Scherk-Schwarz mechanism [23] .
Let L (ij) (z) be an isovector superfield which is built out of the basic dynamical superfields (U, V ++ , . . .) and possesses the following basic properties
The same constraints written for the harmonic superfield
Thus, L ++ is covariantly analytic and bilinear in the harmonics. In the λ-frame, eqs.
(2.54) and (2.55) turn intoL
Let us consider the integral over the analytic subspace
and the integration over SU(2) is defined by [12] du 1 = 1 du u
Being manifestly N = 2 supersymmetric, functional (2.58) is also invariant under arbitrary local central charge transformations, since its variation
can be transformed, by integrating the first term by parts, to
that vanishes, as a consequence of (2.57). In the WZ gauge (2.29), it is easy to reduce S to components using the integration rule
and the relation (2.47). This gives
This is exactly the general form of the component action for N = 2 supersymmetric theories with gauged central charge, which was suggested in [2] (of course, the invariant action for the gauge superfield V ++ itself should be added). After performing the reduction (2.49) to the case of rigid central charge, (2.58) goes into the supersymmetric action functional proposed in [11] .
At this step we observe one more reason why V ++ should necessarily contain a nonvanishing background part (2.38): just this part produces correct kinetic terms for the matter superfields U present inL ++ .
The action (2.58) provides us with a universal rule for constructing invariants in N = 2 theories with gauged central charge and constrained matter superfields U. It is reminiscent of the action rule in general relativity, with V ++ being the analog of √ −g andL ++ of the Lagrangian density.
. . satisfy the basic requirements (2.54) and (2.55) and so, at first sight, their λ-frame images could be equally acceptable for the rôle of Lagrangian densities. However, the harmonic constraint (2.57) implies
As a consequence, all such densities, except forL ++ itself, produce full harmonic derivatives upon substitution into (2.58) and so do not contribute, both in the cases of gauged and rigid central charges. Recalling the interpretation of ∆ as ∂/∂x 5 (see Section 5), this amounts to saying that the analytic superspace action (2.58) does not depend on x 5 , though the Lagrangian densities could bear such a dependence.
In the next Sections we will illustrate the general formalism given here by several examples of N = 2 supersymmetric theories with gauged central charge.
Models with linear central charge transformations
Here we consider the simplest case of the linearly realized central charge.
Hypermultiplet with central charge
Let us start with gauging the central charge of the Fayet-Sohnius hypermultiplet [16, 17] coupled to an external N = 2 Yang-Mills superfield. It is described by a superfield q i (z) and its conjugateq i (z) subject to the constraints
with D M being the rigid central charge covariant derivatives (2.51), A M the N = 2 super Yang-Mills connection [18] , and T a the generators of the gauge group. Eq. (3.1) implies that only the superfields q i , q
and their conjugates contain independent component fields, and the higher descendants are expressed in terms of q i , q To gauge the central charge, it is sufficient to naively covariantize the above constraints with respect to the central charge
Here the covariant derivatives
satisfy now the algebra
with the Yang-Mills superfield strength W = W a (z)T a obeying the Bianchi identities of the form (2.6). The central charge transformations of the component fields can be determined in the same fashion as it has been done in [15] for the case A M = 0. For the harmonic superfield q + ≡ q i u + i the constraints (3.3) amount to
Therefore, q + is a covariantly analytic superfield. Passing to the λ-frame with respect to both the central charge and Yang-Mills gauge groups yieldsq + which is analytic,
, and obeys the constraint
Here V ++ is the analytic prepotential associated with A M [12] . As the Lagrangian density L ++ we can choose the same expression as in the case of rigid central charge [11] 
It is straightforward to check that both structures in the right-hand side of (3.8) solve the basic constraints (2.54) and (2.55). Using (3.7), one can rewrite the action in the form
This action looks very similar to the action of the q-hypermultiplet with infinitely many auxiliary components [12] . The crucial difference lies, however, in that the qhypermultiplet is an unconstrained analytic superfield, while the above Fayet-Sohniusqhypermultiplet is still subject to the off-shell harmonic constraint (3.7) which reduces the infinite tower of components appearing in the harmonic expansion ofq + to the irreducible (8 + 8) content. The presence of non-trivial central charge in the harmonic derivative in (3.7) is crucial for keeping the theory off-shell: putting ∆ equal to zero immediately makes (3.7) an equation of motion. Note that for the q-hypermultiplet of ref. [12] one can also introduce the central charge. This can be done by the Scherk-Schwarz mechanism, identifying ∆ with the generator of some U(1) symmetry of the action (e.g., of U(1) subgroup of the YM group). One can gauge such a central charge by introducing the appropriate V ++ . However, such a central charge does not lead to any reduction of the infinite number of off-shell degrees of freedom in q + ; its only effect is to provide a mass for the q + hypermultiplet (and a physical bosons potential in the case of self-interacting q + ).
Linear vector-tensor multiplet
Now, let us turn to gauging the central charge of the linear free VT multiplet [4, 3] . It is described by a real superfield L(z) subject to the constraints [11] in terms of those of L(z). In order to be able to treat the VT multiplet on an equal footing both in the τ -and λ-frames, it is convenient to regard L in (3.10) as a general harmonic superfield, L = L(z, u), and to eliminate the dependence on the harmonics by the additional harmonic constraint
The VT multiplet requires more delicate treatment than the hypermultiplet, since in this case the naive minimal covariantization with respect to the gauged central charge yields inconsistent constraints. Namely, it turns out that such a covariantization is incompatible with an important consistency condition following from the harmonic constraint (3.11) .
In order to demonstrate this, let us first note that (3.11), in the cases of both local and rigid central charges, implies [14] 
The simplest way to see this is to realize that D ++ and D −− are the raising and lowering operators of the right SU(2) group acting on the U(1) charges of the harmonic superfields (see (2.24)); L is chargeless, so (3.11) as well as (3.12) mean that it is a singlet of this SU(2) group. Equation (3.12) holds irrespectively of the precise form of the constraints (3.10), or their covariantization. It is important that the covariant constraints involve the gaugedcentral-charge-covariantized spinor derivatives D 
Eq. Eq. (3.14) severely restricts the form of possible constraints on L. If, for instance, we naively covariantize the constraints of the free VT multiplet
eq. (3.14) would give
which is fulfilled only if either L is ∆-invariant, thus putting the multiplet on-shell, or if Z is a constant, which takes us back to rigid central charge.
To find the correct set of constraints, one should start from the general Ansatz
where all the coefficients are functions of L, Z andZ, and a 2 , a 3 must be real. These constraints have to satisfy the obvious conditions
which produce a set of homogeneous differential equations for the coefficient functions. However, as was shown above, not all solutions turn out to be consistent. We have to check the condition (3.14) for each solution to single out the proper constraints.
Requiring the deformed constraints to reduce to the free ones (3.10) for Z = const, a particular solution reads [15] 
These constraints are linear in L and its derivatives, and therefore the theory does not include any self-coupling. A superfield Lagrangian density which meets the requirements described in Section 2, is given by:
This model has been investigated in detail in [15] .
A more direct derivation of the constraints (3.17) (and their generalization) will be presented in Section 5. There the consistency condition (3.14) will be automatically solved in a six-dimensional framework.
Linear vector-tensor multiplet with Chern-Simons couplings
The linear VT multiplet coupled to an external N = 2 super Yang-Mills multiplet is described by a real superfield L(z) constrained by [9, 10, 11] 
with g a real coupling constant. The N = 2 super Yang-Mills field strength W is defined as in eq. (3.5). The superfield redefinition
brings the above constraints to the form
given in [11] .
A consistent deformation of the constraints (3.19), which corresponds to the gauged central charge, reads
As the corresponding Lagrangian density we can again choose L ++ given by eq. (3.18).
To solve the differential constraints on the field strengths of the vector and antisymmetric tensor contained in the VT multiplet, we first specify the component fields of the external super Yang-Mills strength W
The central charge transformations now read (hereafter, we keep only the purely bosonic contributions)
while the differential constraints on V m and G mn look as follows:
Here we denoted I = Im Z and R = Re Z. The general solution of the constraints in terms of a 1-form T m and a 2-form K mn reads
In principle, all the consistency conditions are satisfied for more general constraints than those in (3.22):
where F (W) is some holomorphic function of the chiral strength W. But then we are unable, in general, to solve the constrained vector and antisymmetric tensor component field of L in terms of gauge two-and one-forms, respectively 2 .
Let us choose W in eq. (3.22) just to be Z. Then we obtain the following consistent constraints
which, however, are equivalent to the old ones (3.17). Indeed, the following redefinitioň
brings the constraints (3.29) to the form (3.17).
2 Likely, it is still possible to have a consistent dual formulation of such a more general theory in terms of a Lagrange multiplier vector multiplet in the spirit of ref. [14] .
Linear vector-tensor multiplet with scale and chiral invariance
If the background N = 2 vector multiplet in (3.19) is abelian (here we denote the corresponding superfield strength by Y), then we are able to couple it to the VT multiplet in a different fashion 3 . Let us consider the constraints (supersymmetry with rigid central charge)
which satisfy all the superspace consistency conditions. In particular, it is easy to check the rigid central charge form of (3.14) using the fact that 
which can be easily solved.
If we gauge the central charge, the covariantized version of the constraints (3.31) compatible with all consistency conditions is as follows:
The corresponding Lagrangian density for this model is given by
As is seen from (3.31) and (3.33), the constraints are well defined only if Y has a nonvanishing vacuum expectation value. Freezing the external vector multiplet by setting Y = 1, constraints (3.33) reduce to (3.17) and Lagrangian density (3.34) to that given by eq. (3.18).
A remarkable feature of the system presented here is that it respects the invariance under global scale and chiral transformations of the superspace coordinates
if we require Y andȲ to transform similarly to Z andZ
and L to have a vanishing scale and chiral weight
This is in complete agreement with the results of [6] .
Finally, we can couple the VT multiplet under consideration to an external N = 2 non-abelian vector multiplet W. The corresponding constraints read
This system is also scale and chiral invariant if we require W andW to have standard vector multiplet transformation laws
If we freeze the Y-multiplet, by specifying Y = 1, the constraints (3.38) reduce to (3.22) .
We note that all the constraints in this subsection admit a simple derivation starting from six dimensions (see Section 5).
Models with nonlinear central charge transformations
In the present section we consider two VT multiplet models whose main feature is the nonlinearity of the central charge transformations.
Nonlinear vector-tensor multiplet
The nonlinear VT multiplet [5] can be defined in harmonic superspace by the constraints [14] 
The superfield reparametrization
with κ a real coupling constant, brings these constraints into the form given in [13]
From eqs. (4.1), (4.3) it is obvious that in this case we are dealing with a self-interacting VT multiplet.
To gauge the central charge transformations, one can again start from the general Ansatz (3.15) and look for consistent solutions possessing the limit (4.1) for Z = −i. A complete analysis will be given elsewhere. Here let us just present the constraints which underlie the component construction of [5] for the nonlinear VT multiplet with gauged central charge:
The consistency conditions (3.16) can be easily checked. The central charge transformation of D + α L derived on the base of (4.4)
passes the test (3.14) too.
To discuss the differential constraints, we now turn to the component fields of L. We choose them as in the linear case, with the exception of G mn :
The constraints on G mn and V m (of which we again give only the bosonic parts, the complete expressions can be found in [5] ) then read
and the central charge transformations of G mn and V m are
Here we have used the notation
The constraints are solved by introducing a 1-form T m and a 2-form K mn as in [5] 
These equations are still coupled, however. They can be separated by analogy with [24, 15] , and we obtain
where E = |Z| 2 − A m A m , and T mn = ∂ m T n − ∂ n T m is the field strength 2-form of T m .
The central charge transformations of the potentials finally read (up to gauge transformations)
For the constraints (4.4) it is easy to find a supersymmetric Lagrangian density
The action rule (2.58) then yields precisely the Lagrangian given in [5] :
The dynamical system given by constraints (4.4) and Lagrangian density (4.13) is invariant under global scale and chiral transformations (3.35) and (3.37).
There exist two more candidates for the rôle of Lagrangian density:
However, the corresponding component Lagrangians are just total derivatives:
Nonlinear vector-tensor multiplet with Chern-Simons couplings
The nonlinear VT multiplet coupled to an external N = 2 super Yang-Mills multiplet is described by the constraints
with g a real coupling constant. If one implements the superfield redefinition (4.2), the constraints turn into
Rescaling here g = κ g and considering the limit of vanishing self-coupling, κ → 0, the latter constraints reduce to
These constraints take the form given by eq. (3.21) if we redefinẽ
A consistent deformation of the constraints (4.17), which corresponds to the gauged central charge, reads
All consistency conditions are identically satisfied, as can be easily checked.
The constraint on G mn and its central charge transformation do not change, while the equations for H m now read
the solution of which is
The corresponding Lagrangian density is
One can readily check that L ++ satisfies the basic requirements (2.54) and (2.55). The dynamical system under consideration is invariant under global scale and chiral transformations (3.35), (3.37) and (3.39).
In principle, one could consider more general constraints than those given in eq. (4.21)
with F (W, Z) a gauge invariant holomorphic function. It is obvious that all consistency conditions are identically satisfied. Like in the case of eq. (3.28), it is not possible, in general, to solve the constrained vector and antisymmetric tensor component fields of L in terms of gauge two-and one-forms, respectively (see, however, footnote 2).
If we identify W in the constraints (4.21) with Z, then we obtain exactly in the nonlinear VT multiplet constraints (4.4), as a consequence of the Bianchi identity (2.6).
5 The linear vector-tensor multiplet from sixdimensional harmonic superspace 5.1 Supersymmetry in six dimensions
Six-dimensional superspace
In this section we follow a number of standard references (see, e.g., [25, 26, 27] ). There are two types of spinor indicesα = 1, 2, 3, 4 of the group USp(4): 'left-handed' ψα and 'righthanded' ψα. Correspondingly, there are two types of gamma matrices, Γm αβ and Γmαβ (m = 0, 1, 2, 3, 5, 6), which are related by raising and lowering the pair of antisymmetric spinor indicesαβ:
The epsilon symbol is defined by ε 1234 = ε 1234 = 1 and it satisfies the identity
The gamma matrices satisfy the usual algebra
and have the property Γm αβ Γγδ m = −4δ
Two useful corollaries of (5.3) and (5.4) are
The Grassmann superspace coordinate θα i has a left-handed spinor index of USp(4) and an SU(2) index i. The corresponding spinor derivative ∂ î α = ∂/∂θα i has a right-handed spinor index of USp (4) . Besides the Weyl condition (which is taken care of by the above notation), these spinors satisfy a pseudo-Majorana reality condition (see [25] ).
The algebra of the spinor covariant derivatives is
When the harmonic variables u ±i are introduced, θα i and D î α split up into two U(1)-charged projections:
so that D
Thus, the algebra (5.6) becomes
Analytic basis and sechsbein
The integrability condition (5.9) allows one to choose an analytic basis in which the spinor derivative D
In this basis the harmonic derivatives acquire vielbeins:
which satisfy the harmonic constraint
As long as the superspace remains flat, we have just
but these vielbeins will become non-trivial later on, when we perform the reduction to four dimensions and gauge the two translations along the fifth and sixth directions. The minus projection of the spinor derivative is obtained by
and then (5.10) gives
The sechsbein
just coincides with the gamma matrices in the flat case,
but it will play a key rôle in the context of gauged central charges. Note that the properties (5.4), (5.5) of the gamma matrices can serve as a formal definition of the inverse sechsbein:
Dimensional reduction to four dimensions and the origin of central charge
The dimensional reduction from six to four dimensions is obtained by replacing the fourcomponent spinor indexα of USp (4) The four-index epsilon symbol splits into a product of two two-index ones:
(the other components varnish or are obtained by permutations).
Accordingly, the spinor derivatives algebra (5.6) becomes
The essential point is the appearance of the derivatives ∂ 5,6 in the anticommutators (5.23) and (5.24) . Comparing this with eqs. (2.5), one concludes that ∂ 5,6 are the generators of two real central charges (or one complex one). Thus, the dimensional reduction from six to four dimensions gives a natural explanation of the origin of the central charges in the N = 2 D = 4 supersymmetry algebra.
Let us now look at the harmonic vielbeins H ±±m . In the flat case they are simply
However, if any of the central charges (or both) is gauged, the corresponding vielbein becomes a non-trivial harmonic superfield, H ±±5,6 (xm, θ,θ, u) and the harmonic derivatives
It is crucial that the newly introduced gauge superfields H ±±5, 6 are not allowed to depend on the central charge coordinates x 5,6 :
In this way they give rise to two ordinary (i.e., central-charge independent) abelian gauge supermultiplets. In addition, the vielbeins H ++5,6 have to be analytic superfields: However,
It is easy to see that the quantityZ
is gauge invariant (it is the same as in eq. (2.27), after the identification
Indeed, in the context of dimensional reduction the abelian gauge transformations are generated by local shifts of the central-charge coordinates:
The abelian character of these transformations is expressed in the fact that the parameters λ 5,6 do not depend on x 5,6 :
In addition, they must be analytic in order to preserve the 'short' form of the spinor derivatives
Now, the vielbeins H ±±5, 6 have the typical transformation law:
(5.36) by virtue of (5.34). Then from (5.32), (5.35) and from the spinor derivatives algebra one
Thus,Z is the field strength of the abelian gauge multiplet. We must stress that it does not depend on the central charge coordinates:
as expected from an ordinary abelian gauge supermultiplet. Further, it satisfies the harmonic constraint
(the proof is similar to (5.37) and makes use of the harmonic relation (5.13)). In addition, Z has all the properties (2.6) and (2.28) derived in Section 2. Note that the flat limit of Z (i.e., with H −− taken from (5.25)) isZ
Similarly, the other non-trivial sechsbein component e 6 αβ gives rise to the second abelian field strength:
with the same properties asZ, except for the flat limit
As we shall see below, this field strength is the one which has been already introduced in subsection 3.4.
The conclusion of the above discussion is that gauging the central charges amounts to restricted diffeomorphisms in the six-dimensional superspace (only along the 5th and 6th dimensions; no dependence on x 5,6 is allowed). The corresponding components of the sechsbein are identified with the abelian field strengths.
Torsion in six dimensions
The procedure of obtaining the field strengths presented above is clearly not covariant in six dimensions. There the gauge (i.e. diffeomorphism invariant) object should be looked for one level higher in the covariant derivatives algebra. To keep six-dimensional covariance manifest, we shall treat all the prepotentials H −−m as non-trivial, i.e. no distinction will 
γ and the torsion tensor T + is given by
By construction, this quantity is invariant under the diffeomorphisms (5.43). This can also be verified directly from the expression (5.46) using the algebra of the covariant derivatives. The presence of torsion reflects the fact that the superspace is not completely flat (recall the abelian curvature related to the gauged central charge in the four-dimensional context). Note, however, that it is not our aim here to develop a full-fledged supergravity formalism in six dimensions (that would require to consider the full superdiffeomorphism group and to introduce a complete set of supervielbeins; for details see [29] ).
By raising the pair of indicesβγ, eq. (5.45) can be rewritten in the equivalent form 
where (αβ ) denotes the traceless part.
Another Bianchi identity is obtained by noting that The six-dimensional analog of the linear VT multiplet is the so-called self-dual tensor multiplet [28] . In harmonic superspace it is described by a real superfield L satisfying the constraint [29] 
This constraint simply means that L is a linear function of the Grassmann variables θ − : In addition, all these fields are harmonic-independent. Taking all this into account, one reduces the expansion of the superfield L to
Now we are going to covariantize the above picture with respect to the diffeomorphism group (5.43). While the spinor derivative constraint (5.51) needs no covariantization, the harmonic ones become covariant:
and
This immediately raises the issue of compatibility between (5.51) and (5.59), just as in subsection 3.2, where the same problem arose in the four-dimensional context. Indeed, one should have εαβγδD
In the flat case this is a direct consequence of (5.51), but in the curved case the algebra of the covariant derivatives is complicated by the presence of torsion. Let us try to push all the spinor derivatives in (5.60) through D −− until they reach L. This leads to the following compatibility condition, which is the counterpart of the four-dimensional constraint (3.14):
It is now obvious that keeping (5.51) in its flat form leads to an inconsistency. This means that we have to modify (5.51) in such a way that (5.61) becomes a corollary. The necessary modification is suggested by the comparison of the term εαβγδDαβD
L with the torsion terms in (5.61):
Inserting this into the term εαβγδDαβD
L leads to the cancellation of the torsion terms already present in (5.61), but produces two new ones:
The only way to get rid of these new terms is to impose the following constraint on the torsion: DαβT +γαβ = 0 . As a direct consequence, the remaining three-and four spinor derivative terms in (5.61) vanish, so the consistency of the new constraint is fully established. Note that in the process we have derived a condition on the torsion, eq. (5.64). Written out in terms of the prepotentials H −−m , this condition reads
One way to satisfy it is to put ∂mH −−m = 0 and we shall see below that precisely this happens upon dimensional reduction to four dimensions.
Four-dimensional formulation
The framework developed in the preceding subsection allows us to obtain the constraints of the linear VT multiplet in the presence of gauged central charges by straightforward dimensional reduction of the constraints for the self-dual tensor multiplet from six to four dimensions. Before doing this, we must stress the important difference between the VT superfield L and all other superfields we are considering here (prepotentials H, sechsbein e, torsion T ). While the latter ceases to depend on the central charge coordinates x 5, 6 upon dimensional reduction (thus giving rise to ordinary supermultiplets), L keeps its dependence on
To see why we should only allow for one non-trivial central charge, we can look, for instance, at the six-dimensional equation of motion for the scalar ω(x) in (5.56). In four-dimensional notation it becomes
This is not an equation of motion any more, but rather an equation allowing to relate the dependence on the extra central-charge coordinates to that on x m . It is then clear that by putting, e.g., ∂ 6 ω = 0 we can completely fix the dependence on the remaining central-charge coordinate x 5 , whereas keeping both x 5 and x 6 would leave a functional freedom in some combination of those coordinates. Thus, the VT multiplet carries only one central charge and is inert under the action of the second one.
All we need to do now is to compute the torsion T + . The key ingredient in this is the sechsbein matrix em αβ : 
Thus, we find the final form of the constraints of the linear VT multiplet in the presence of gauged central charges:
They are the λ-frame form of those given in subsection 3.4, eq. (3.33).
Coupling to a super-Yang-Mills multiplet

SYM in six dimensions
In six dimensions the SYM multiplet is described by an analytic prepotential V ++ (the analog of H ++5,6 in the case of the gauged (abelian) central charge) which serves as a gauge connection for the harmonic derivative:
It undergoes the gauge transformations
with an analytic gauge parameter Λ(x, θ + , u). Next, going through steps similar to those in the case of the prepotentials H ++ and H −− above, we first define the connection V −− related to V ++ by the constraint
and from it we construct the field strength: Although the construction outlined so far is sufficient to describe SYM in six dimensions, we point out that we may further modify the expression (5.84) (this will turn out useful when coupling the VT multiplet to SYM). The determinant of the sechsbein matrix e = det(em αβ ) is a density, i.e. a quantity transforming homogeneously under the diffeomorphism group: which serves as a connection for the density transformations (once again, this term vanishes upon dimensional reduction).
Chern-Simons coupling
The so-called Chern-Simons coupling of the VT multiplet to a SYM multiplet is realized in an obvious way in six-dimensional flat superspace. There its analog is the coupling of the self-dual tensor multiplet to SYM [30] : Clearly, the right-hand side of eq. 5.92 is totally antisymmetric inα,β,γ, just like the left-hand side.
The problem now is to properly covariantize the coupling (5.91) in the presence of torsion. This is not too difficult. We just have to put together (5.62) with (5.91) and replace W +α byŴ +α defined in (5.88): which should be totally antisymmetric inα,β,γ. It is a matter of a straightforward calculation to show that this is true as a consequence of the constraint (5.89) satisfied by the density-modified field strengthŴ +α . In addition, the constraint (5.93) passes the consistency check (5.61).
Four-dimensional formulation
Having achieved a consistent coupling in six dimensions, we just need to carry out the dimensional reduction. Here is a sketch. First, the determinant of the sechsbein is given in terms of the field strengths for the gauged central charges: 
Conclusion
In the present paper we have developed the harmonic superspace setting for general N = 2 rigid supersymmetric theories with gauged central charge. We have constructed the superfield formulations for both the linear and nonlinear VT multiplets with gauged central charge and described their Chern-Simons couplings to N = 2 vector multiplets. The six-dimensional origin of the linear VT multiplet and its Chern-Simons couplings has been explained. Note that the constraints describing the nonlinear VT multiplet can also be written in a six-dimensional notation but using a constant tensor which breaks the six-dimensional Lorentz symmetry down to its four-dimensional part.
The VT multiplet superfield formulations developed in this paper allow one to couple the VT multiplet to N = 2 superfield supergravity according to the general rules given in [31, 32] . To do this one should find consistent curved superspace extensions of the VT multiplet constraints presented above.
The analysis of this paper was restricted to the case of a single VT multiplet but the whole consideration can be readily applied to theories with several VT multiplets. There remains, however, an interesting problem whether there exist consistent theories with several VT multiplets, linear or/and nonlinear ones, coupled to each other. It would also be interesting to study the gauged central charge version of the 'new' nonlinear VT multiplet proposed in [14] . 
